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ABSTRACT
This paper details a methodology to test the mechanical response of soft, pressure
sensitive materials, over a wide range of strain rates. A hybrid experimental-numerical
procedure is used to assess the constitutive parameters. The experimental phase
involves axial compression of a cylindrical specimen which is confined by a tightly-fit
sleeve that is allowed to yield plastically, thus applying a constant confining pressure.
The usually neglected frictional effects between the specimen and the sleeve are fully
accounted for and characterized in detail. With commercial polycarbonate as a typical
example, it is shown that pressure-sensitivity and rate-sensitivity are not coupled, thus
reducing the number of tests needed to characterize a material. The results of numerical
simulations indicate that the pressure sensitivity index (angle β in the Drucker-Prager
material model) has little influence on the hydrostatic and confining pressures, whereas
the equivalent stress sustained by the specimen increases with β, which for commercial
polycarbonate is found to be β = 150 .
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Introduction
Polymers possess excellent mechanical and machining properties that make
them attractive candidates for selected structural applications, including high strain-rate
impacts as encountered in aeronautical and automotive cases. The elastic–plastic
behavior of polymers is markedly different from that of metals, as dictated by the
pressure-dependence of their yield criterion.
The quasi-static and viscoelastic properties of polymers are well documented,
for instance in the books of Christensen (1982), and Ward (1983). The high strain-rate
response of these materials has been studied to a lesser extent, mostly based on splitHopkinson (Kolsky, 1949) pressure bar experiments over a variety of strain rates
(Arruda, et al., 1995; Li and Lambros, 2001; Rittel, 1999; Trojanowski, et al., 1997).
The thermomechanical aspects of the high-rate response of polymers have been
addressed by a few authors who studied the evolution of the temperature during impact
tests (Rittel, 1999). Yet, all these references concern the behavior of unconfined
polymers so that the pressure effects were left aside in this regime.
Various techniques have been developed to study confined materials, starting with
Bridgman (1945), and nowadays a routinely used technique consists of enclosing the
(cylindrical) specimen into a tightly fit metallic sleeve. The sleeve can either remain
elastic, or yield depending on the nature of the required confinement (variable or
constant). Ma and Ravi-Chandar (2000) used confined cylinders and thick elastic
sleeves to study the quasi-static response of commercial polycarbonate (see also Bardia
and Narasimhan (2006)). Chen and Ravichandran (1997), (2000), (1996), investigated
the dynamic response of confined ceramics, while Lu and Ravichandran (2003)
investigated bulk metallic glasses in the quasi-static and dynamic regime. In these tests,
strain gauges were cemented to the confining sleeve to characterize the stress state of
the specimen. More recently, Hanina et al. (2007) applied a plastically yielding sleeve
technique to confined metallic specimens in order to study the adiabatic shear banding
response to hydrostatic pressure. These authors proposed a simple superposition
procedure to assess the stress state of the specimen. The same technique was applied by
Rittel and Brill (2008) to investigate the quasi-static and dynamic response of
commercial polymethylmethacrylate. Here, the confining pressure had to be determined
analytically in a separate calculation due to the pressure sensitivity of the investigated
material. These authors reported a brittle to ductile transition in this polymer, as a
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function of the strain rate and level of confinement. Polymethylmethacrylate was
modeled as a rate-sensitive Drucker-Prager material for which a simple constitutive
equation was proposed. This work suggested that if one can show that the pressure
sensitivity of the material is not rate-dependent, one can study separately the pressuresensitivity and the rate sensitivity, which are ultimately combined into a single
constitutive equation. However, all the above-mentioned studies have one common
assumption, namely that the frictional stresses, especially at the specimen-sleeve
interface, are negligible, and this assumption has not been experimentally supported so
far (see e.g. Chocron et al. (2008)). However, a few recent papers, such as that of
Forquin et al. (2008) did take friction into account to analyze the behavior of confined
concrete.
Therefore, the main objective of this work was to develop and validate a general
methodology to investigate the pressure and rate sensitivity of polymers without
neglecting frictional stresses. This study focuses on commercial polycarbonate, as a
typical soft and ductile polymer, which is also assumed to obey the Drucker-Prager
yield function. In comparison to previous works this investigation uses several
combinations of sleeve thickness and materials, allowing for constant confinement
levels of up to 360 MPa, which are significantly larger than the yield strength of this
material (about 5 times). Such high constant confinement levels were not attained in
previous studies of that type. The approach is of a hybrid experimental-numerical
nature, in which the behavior of the sleeve and the frictional effects are modeled
numerically, based on measured load-displacement curves.
The main point of this paper concerns the lack of coupling between rate and pressure
sensitivity for soft materials that leads to a methodology to investigate the mechanical
response of soft confined pressure sensitive materials.
The paper is therefore divided into two main sections. The first section describes the
experimental procedure and results, while the second section describes the verification
and validation of the numerical procedures used in this study. These two main sections
are followed by a discussion section and concluding remarks.

2. Experimental methods and specimens
Cylindrical specimens (6mm diameter and height), confined and unconfined,
were subjected to quasi-static and dynamic compression tests. The quasi-static
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experiments were performed on an MTS 810 servo-hydraulic machine under
displacement control at various strain rates. The dynamic (high strain rate) experiments
were performed on a 12.7 mm diameter split Hopkinson (Kolsky) pressure bar. The
specimens were confined by manual insertion of the lubricated specimen into tightly
machined metallic sleeves, made of different materials and wall thickness, as detailed
for each test. The choice of different sleeve materials and thicknesses was motivated by
the need to achieve a wide range of confining pressures, as detailed in the sequel. The
specimen assembly is seen in Fig. 1. Each specimen is made of three parts: a cylindrical
polycarbonate specimen, a metal sleeve and an adapter. These parts are seen in Fig. 1(ac), respectively. The polycarbonate cylindrical specimen (Fig. 1(a)) is tightly fit into the
sleeve (Fig. 1(b) and 1(d)), which is half a millimeter longer than the specimen. The
cylindrical adapter (Fig. 1(c)) is put on top of the confined specimen, thus completing
the assembly (Fig. 1(e)). The loaded specimen is shown in Fig. 1(f). When a split
Hopkinson pressure bar is used, the adapter is always located towards the incident bar to
transmit the impact.
Data reduction consisted of translating the load-displacement records into true stressstrain curves. For the unconfined specimens, this is a straightforward procedure, based
on the simplifying assumption of plastic incompressibility. Previous work on confined
specimens has shown that the confining pressure can be determined from the flow
properties of the sleeve at the appropriate strain-rate, based on the elastic-plastic
analysis of a thick-walled cylinder in a direct manner (Rittel and Brill, 2008). This
approach is based on the assumption of a negligible friction between the specimen and
the sleeve. The present work re-examines the validity of this assumption, and shows that
the accuracy of the results is improved when frictional stresses are included. A detailed
account of the analytical-numerical procedure that was developed to account for friction
is presented in detail subsequently.

3. Approximate determination of the Drucker Prager pressure sensitivity index
The Drucker Prager plasticity model is given by (Bardia and Narasimhan, 2006)

⎛ 1
⎞
Φ (σ ij , σ c ) = σ eq + p tan β − ⎜1 − tan β ⎟ σ c = 0
⎝ 3
⎠

4

(1)

Where σ c ( ε p , ε& ) is the true yield stress under uniaxial compression which is a function

of the equivalent plastic strain and strain rate. The pressure sensitivity index, is noted
by β , and σ eq is the Mises equivalent stress. It can be noted that for β = 0 Eqn. (1)
reduces to the Von Mises yield function. The Mises equivalent stress is given by:

σ eq = 3J 2 =

3
sij sij
2

(2)

where sij is the deviatoric stress:
sij = σ ij − δ ij p

(3)

and where p is the hydrostatic stress:

p=

σ ii
3

.

(4)

The confining pressure exerted by the elastic-plastic sleeve can be calculated
analytically (Kachanov, 1974). Rittel and Brill (2008) calculated an average confining
pressure q̂ for an elastic plastic cylindrical sleeve with inner radius a, thickness t and
yield stress σ y :
qˆ =

σ
1
( qr =a + qr =a +t ) = Y
2
4

⎛ ⎛ t ⎞ −2
⎛ t ⎞⎞
⎜⎜ 1 − ⎜1 + ⎟ + 2 ln ⎜ 1 + ⎟ ⎟⎟
⎝ a ⎠⎠
⎝ ⎝ a⎠

(5)

It should be noted that this average value is indirectly taking frictional effects into
account which lowers the confining pressure as will be shown in the sequel. Assuming
Coloumb friction (with a coefficient of friction f) between the polycarbonate cylinder
and the confining sleeve introduces a shear stress on the outer face of the cylinder σrz,
according to Fig. 2.

σ rz = − f q

(6)

Where q ≡ σ rr ( r = a ) . The stress tensor in the cylinder may be approximated by:
⎡ q
⎢
⎢
σ ij = ⎢ 0
⎢
⎢
⎢⎣- f q

0
q
0

- f q⎤
⎥
⎥
0 ⎥
⎥
⎥
σ zz ⎥⎦

i, j = r , θ , z

(7)

The hydrostatic pressure is given by

p=

1
(σ zz + 2q )
3

(8)
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From Eqs. (2) and (7), the equivalent stress becomes:

σ eq =

(σ zz − q )

2

+ 3( f q )

2

(9)

Throughout this work, it was assumed that f = 0.3 , in accord with Lee et al. ( 2001),
without differentiating between static and dynamic friction. It was also assumed that

q = −qˆ . For different experiments carried out at approximately the same strain rate, a
plot of the equivalent stress (Eqn. (9)) vs. the hydrostatic pressure (Eqn. (8)) should
result in a straight line with a slope angle β which is the pressure sensitivity index
(Eqn. (1)).

4. Experimental results

4.1 The sleeves’ mechanical properties
Four different materials were used as sleeves: maraging steel 250 (H900), and 300
(H900), 1020 steel (as-received), and 6061 T651 aluminum alloy. The mechanical
properties of these materials are listed in table 1. These properties were either measured
quasi-statically and dynamically, using small cylindrical specimens, or simply taken
from the literature (Brill, 2007; Dao, et al., 2001; Regev and Rittel, 2008), as detailed in
table 1.

4.2 Polycarbonate: Quasi-static tests
A total of 13 specimens were tested. The thickness of the sleeves, their material
and the strain rates of the experiments are listed in table 2.
Three specimens were not confined (specimens 1-3), four were confined with sleeves
made of 250 maraging steel (specimens 4-7), and six were confined with 300 maraging
steel (specimens 8-13).
The true stress–strain curves of the non confined specimens (1-3) are shown in Fig 3.
Two more curves which were obtained at strain rates of 4900 1/s (this work) and 8000
1/s (Regev and Rittel, 2008) are added to this figure to illustrate the well-known strainrate sensitivity of commercial polycarbonate.
Typical true stress-strain curves of confined specimens are shown in Fig. 4(a)
(specimens 4-7), and 4(b) (specimens 8-13). The pressure sensitivity of the
6

polycarbonate specimens is clearly observed in Fig. 4: the thicker the sleeve the higher
the max stress. This corresponds to the fact that thicker sleeves apply higher
confinement pressures which delay the yield of the polycarbonate specimen.

4.3 Polycarbonate: Dynamic tests
A total of 24 (7 unconfined, 17 confined) specimens were tested dynamically. The
sleeves’ thickness, material and strain rate of the experiments are detailed in table 3.
Typical striker velocities ranged between 20-35 m/s , resulting in average strain rates of
3600 – 5600 1/s. Typical dynamic experimental results are shown in Fig. 5. The peak
stresses on Fig. 5(a) which correspond to the three types of sleeves (0.5 mm-250
maraging steel, 0.3 mm-250 maraging steel, and 0.7 mm 6061 aluminum) are: ~450
MPa , ~330 MPa and ~200 MPa correspondingly. The effect of the confinement
pressure on the peak stress is clearly visible. The higher the confinement stress, the
higher the peak stress.

The same effect is also visible in Fig. 5(b) for different

thicknesses of 1020 steel sleeves . The overall pressure sensitivity of the polycarbonate
specimens is clearly observed in quasi static experiments (Fig. 4) as well as in dynamic
experiments (Fig. 5)

4.4 Processed experimental results
The experimental peak stresses σ zz are detailed in tables 2-3 for each specimen. For the
specimens with steel sleeves, the peak stress σ zz at 11 % was used (assuming the sleeve
broke at this strain). The calculated values : q̂ , p and σ eq according to eqs. (5), (8) and
(9) for quasi static and dynamic tests are tabulated in tables 2 and 3 respectively.
The equivalent stresses and pressures of tables 2 and 3 are plotted in Fig. 6, in order to
determine the Drucker-Prager pressure sensitivity index β of Eqn. (1). Using a linear
regression, the angle β for the quasi static loading is β qs = 19.6 0 with R2 = 0.95 (13
specimens). The angle β for the dynamic loading is β d = 15.1o with R2 = 0.89 (24
specimens). Two almost parallel lines (within the expected error limits detailed in the
next section) are shown in Fig. 6, where the dynamic curve is above the quasi-static,
illustrating the strain rate sensitivity of the polycarbonate.
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4.5 Error estimation
Let’s assume we conducted only two experiments so that only have two points (1) and
(2), on a σ eq -p curve, such as Fig. 6. The values of the pressure and the equivalent
stress at these points are given by Eqns. (8) and (9). Let us also assume that point (1)
corresponds to a unconfined specimen thus q (1) = 0 . The expression for the angle β is

(

)

(

⎡ σ (1) − σ (2 ) − q (2 ) 2 + 3 fq (2 )
zz
β = tan ⎢3 zz
⎢
σ (zz1) − σ (zz2 ) − 2q (2 )
⎣
−1

)

2

⎤
⎥
⎥
⎦

(10)

If we assume that the coefficient of friction f is known, the error in the angle β is
given by:
Δβ =

∂β
∂β
∂β
(1)
(2 )
(2 )
( 2 ) Δσ zz +
( 2 ) Δq
(1) Δσ zz +
∂σ zz
∂q
∂σ zz

(11)

Let us assume that points (1) and (2) correspond to specimens 1 and 13 of table 2. Let
us assume that the values σ (zz1) = 70 MPa , σ (zz2 ) = 413 MPa and q (2 ) = 323 MPa have a
10% error, so that Δσ (zz1) = ±7 MPa , Δσ (zz2 ) = ±41 MPa and Δq (2 ) = ±32 MPa . Plugging
these

(absolute)

values

into

Eqns.

(11)

and

(10)

leads

to:

Δβ o = 0.9 o + 2.2 o + 1.7 o = ±4.6 o . Assuming lower values of f, Eq. 10 will result in
lower values of β. For example for f = 0, 0.15 and 0.30, Eq. 1- results in β = 3.5° ,
9.1° and 20.1° respectively. However, the real error bounds might even be larger, since
by assuming a stress tensor of the type shown in Eqn. (5), the confinement pressure q
and the shear stress due to friction are deemed to be uniform through the whole
cylindrical specimen which is of course an approximation. This assumption is discussed
later at in the "numerical results" section, where the final value of β is determined.

4.6 Strain rate effect on σ c ( ε p ) - unconfined specimens
The peak stresses of the unconfined experiments (Fig. 3) versus their corresponding
strain rates are plotted in Fig. 7. It is assumed that the peak stress occurs at
approximately the same plastic strain for each test. The data is fitted by a power law:

σc

peak

≅ 89.8 ε& 0.03871 [MPa] as shown in Fig. 7. This result illustrates the fact that, since

the pressure sensitivity is not rate-dependent, pressure and rate sensitivity of the
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material can be addressed separately and combined into a simple constitutive equation.
It should be noted that the proposed power law is of the simplest phenomenological
nature, while more sophisticated constitutive models have been proposed for polymers,
see e.g. Mulliken and Boyce (2006), or Richeton et al. (2005).
The next part of the paper addresses numerical simulations that are used to validate the
overall data-reduction technique presented in the experimental section.

5. Numerical verification and validation
Quasi-static and transient simulations were performed for two reasons. The first
is to verify the values of the pressure sensitivity index β which was approximately
determined experimentally. β was chosen by a trial and error procedure until a
satisfactory agreement between all experimental results and numerical simulations was
achieved. A second reason is the characterization of the stress and strain distribution in
the polycarbonate cylinder under the effect of friction together with the dissipated
frictional energy.
We first introduce the various parameters of the numerical simulations. Next
comes the validation of the quasi-static and dynamic values of β . The stress and strain
distribution in the frictional polycarbonate specimen are presented next, followed by an
assessment of the amount of dissipated frictional energy. This study also includes the
effect of β on the average values of the p, q and σeq.

5.1 Parameters of the numerical simulations

5.1.1 Analyses type
Numerical simulations were performed with the commercial finite element code Abaqus
explicit version 6.7. The analyses were transient and the model was axisymmetric. The
typical duration of the experiment was set to 120 μs for dynamic tests and to 0.01 s for
quasi-static tests. The assembly is shown in Fig. 8(a). A typical meshed model is shown
in Fig. 8(b).

5.1.2 Mesh properties
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The model was meshed with CAX4R elements. This element is a 4-node bilinear
axisymmetric quadrilateral element with reduced integration and hourglass control. A
typical mesh, like the one shown in Fig. 8(b), is comprised of 5322 elements of average
size of 0.125 mm where 1600 elements have been generated for the adapter, 3200
elements for cylindrical specimen and 522 for the sleeve.

5.1.3 Material properties
Elastic-plastic material models were assigned to the adapter and the sleeves, whose
quasi-static and dynamic mechanical properties were measured (see also table 1).
The polycarbonate specimen was assumed to obey the Drucker-Prager material model,
with properties listed in table 4. Experimentally determined stress-strain curves for
unconfined specimens at different strain rates ( ε& = 0.0005 , 0.05, 4900 and 8000 1/s
Regev and Rittel (2008)), were input for the analyses.
As a first guess we used the values obtained by the approximate determinations, namely

β = 15° (Fig. 6).

5.1.4 Boundary conditions
Radial symmetry was applied along the centerline (r = 0). Tangential contact with
Coloumb friction ( f = 0.3 ) was assumed between the specimen and the sleeve, as well
as between the specimen and the steel adapter and also the sleeve and the adapter. In
transient analyses, the measured velocities were applied to the bottom and top surfaces
(Fig. 8). For quasi-static analyses, the bottom face of the specimen and sleeve were
constrained from moving in the vertical z direction while a vertical velocity of 0.12 m/s
for a duration of t = 0.01 s was applied to the upper face.

5.2 Validation of quasi-static experimental results
A quasi static simulation of all the specimens was performed. The averaged true stress

(σ zz ) and true strain (ε zz )

along the mid-height line (Fig. 8(a)) was calculated at each

time step. It was verified that these values represent an average stress-strain for the
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whole cylinder. These values are then compared to the experimentally measured values.
A very good agreement was reached when a value of β = 15° was used for the
polycarbonate pressure sensitivity index. A numerical-experimental comparison for
specimens 10 and 12 (table 2) is shown in Fig. 9.
5.3 Validation of the dynamic experimental results
The validation of two cases of low (0.7 mm-6061 Al sleeve) and high (0.5 mm-250
maraging steel sleeve) confinement pressures is demonstrated in Figs. 10(a) and 10(b)
respectively. These two cases correspond to specimens 5 and 9 of table 3.
The measured velocities were digitized and applied as boundary conditions for these
analyses. These velocity profiles are shown in Figs. 10(c) and 10(d). These specimens
were simulated using β = 5o ,10o ,15o and 20o . The averaged true stress (σ zz ) and true
strain ( ε zz ) at mid-height line were calculated at each time step. These values are
plotted in Figs. 11(a) and 11(b) together with the experimental results. A very good
agreement was reached when the value of β = 15 o (together with the assumption of

f = 0.3 ) was used for the pressure sensitivity index.
This value can be compared to previously reported results based on different
experimental techniques. Quinson et al. (1997) used tension, torsion, and compression
tests to determine a value of β = 11.3o , based on Tresca’s yield criterion. Ragahva et al.

(1973) used pressurized tubular specimens and measured a value of β = 15.3o .
Carapellucci and Yee (1986) also used pressurized tubular specimens and measured a
value of β = 13.7 o . Finally Haufe et al. (2005), using tension and compression tests,
obtained a value of β = 15 o . Overall, there is an excellent agreement between the
current results and those obtained using different methodologies which do not involve
frictional issues, which validates the presented methodology. One should also note that
the dynamic value of β is identical to that of the quasi-static tests, showing that this
parameter is not rate-sensitive for this material.
5.4 Stress and strain distribution under the effect of friction
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Contour maps of ε zz , σ zz , σ rr and σ rz at the high average true strain of 0.2 are plotted
in Fig. 11. These maps correspond to specimens (4-6 of table 3) confined with sleeves
made of 250 maraging steel which exert the maximum confinement pressure. Hence,
these maps correspond to the "worst case" of inhomogeneity of the stresses and strains
inside the polycarbonate cylinders. For lower values of confinement and applied strain
the stresses and strain within the polycarbonate cylinder are much more homogeneous.
The longitudinal strain ε zz varies between 0.1 < ε zz < 0.35 (Fig. 11(a)). It reaches a
maximum of 0.35 at the center on the bottom face and a minimum of 0.1 at the center
close to the upper face. Most of the polycarbonate cylinder experiences a
strain 0.125 < ε zz < 0.3 .
The contour map of the longitudinal stress σ zz is shown in Fig. 11(b). Most of the
cylinder experiences a compression stress 400 ≤ σ zz ≤ 600 [ MPa ] . The higher
compression stress is toward the upper face while the lower pressure stress is toward the
bottom face. A stress concentration on the upper face where the edge of the adapter
contacts the specimen can be observed.
The averaged values along the mid-height line (Fig. 8(a)) are those which were used for
validation through comparison with the measured ones. The maps 11(a) and 11(b)
show that, even for the "worst case" (high strain and high confinement pressure), the
averaged value along the mid-height line is characteristic of the average value of the
field for the whole cylinder.
The contour map of the radial stress σ rr is plotted in Fig. 11(c). The radial stress on the
outer radius of the cylinder is the confinement pressure which is estimated by Eqn. (5).

σ rr is quite homogeneous along the radius but does vary along the height of the
cylinder. Most of the cylinder experiences 200 ≤ σ rr ≤ 380 [ MPa ] . The higher stresses
are toward the upper face while the lower stresses are toward the bottom face. Once
again it can be observed that the values along the mid-height line represent an average
for the whole cylinder.
Finally, the effect of friction is embodied by the shear stress σ rz . Fig. 11(d) shows that
this stress is far from being homogeneous inside the cylinder. It is zero on the centerline
( r = 0 ) and grows toward the outer radius. It varies also along the height of the cylinder
and reaches a maximum of 86 MPa at mid-height. A stress concentration near the
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contact region between the adapter edge and the cylinder is also observed in this figure.
On the outer radius of the cylinder this shear stress is σ rz = − f σ rr ( r = a ) ≡ − f q .
An estimation of the energy dissipated by the friction between the sleeve and the
cylinder during the impact is shown in Fig. 12. Abaqus integrates the external applied
work and the frictional work. These quantities are plotted in Fig. 12 as a function of

ε zz . The percent ratio between these quantities is plotted as well. It can be observed
that during the early stage of impact loading, 0.04 < ε zz < 0.15 , an average of 15% of
the externally applied energy is wasted on friction. As the strain reaches, ε zz = 0.3 , this
ratio reduces to 10%.
5.5 Effect of β on averaged values of q ,p and σ eq

The impact of specimens 4-6 of table 3 was simulated using different values of β . Four
values were used: β = 5o , 10o , 15o and 20o . The averaged values of q, p and σ eq along
the mid-height line are plotted as a function of ε zz in Figs. 13(a-c), respectively.
The following conclusions can be deduced from the numerical simulations:
1. The angle β has a minor effect on the confinement pressure. The confinement
pressure ranges between 250 to 300 MPa and is quite constant for 5 o ≤ β ≤ 20 o
and 0.14 ≤ ε < 0.25
2. The angle β has a minor effect on the hydrostatic pressure. The hydrostatic
pressure ranges between 298 to 355 MPa for 0.14 ≤ ε < 0.25 and is quite

constant for 5 o ≤ β ≤ 20 o
3. The equivalent stress σ eq is affected by β . The higher the β the higher σ eq .
The average value in the range 0.14 ≤ ε < 0.25 is 144, 169 196 and 223 MPa
for β = 5, 10, 15 and 20 degrees respectively.

6. Discussion and Conclusions

The present work has addressed the rate and pressure sensitivity of soft matter, based on
commercial polycarbonate as a representative material. The employed methodology
relies on a hybrid experimental-numerical procedure. The cylindrical specimen is
13

enclosed in a tightly-fit sleeve that is allowed to yield plastically, thus applying a
constant confining pressure to the specimen.
The methodology consist of 4 steps to identify the two material parameters of Eqn. (1),
namely β and σ c ( ε p , ε& ) :
1. Testing of unconfined specimens at different strain rates for determination of

σ c ( ε p , ε& ) of Eqn. (1).
2. Testing of confined specimens quasi statically and dynamically (at approximately the
same strain rate).
3. Estimating the pressure sensitivity index β without neglecting frictional effect (Eqn.
(9)) as detailed in section 3.
4. Verifying and refining the obtained result of step 3 numerically using a finite element
code which utilizes the Drucker Prager material model and Coloumb friction between
all contacting faces. The obtained σ c ( ε p , ε& ) serves as an input and the experimentally
measured velocities are applied as boundary conditions. The pressure sensitivity index

β is found by a trial and error process using the obtained result of step 3 as an initial
guess. The process continues until satisfactory agreement between the numerical and
experimental results is achieved.
It should be noted that this methodology is applicable to many other pressure
sensitive

material,

whether

soft

(e.g.

polycarbonate)

or

hard

(e.g.

polymethylmethacrylate).
A first outcome of the study, in accord with the assumption made by Rittel and
Brill (2008), is that pressure and strain-rate sensitivity are two uncoupled issues. While
this may appear to be straightforward, the subject remained to be verified
experimentally. The result of this observation is that the number of tests is considerably
reduced, and it is sufficient in principle to test a few confined specimens in the quasistatic regime (step 2).
A central issue that has been overlooked is that of the friction that inevitably
develops between the specimen and the sleeve, as well as between the specimen and the
adapter. Careful numerical examination of the state of stress and strain in the specimen
reveals that Eqn. (5), which analytically determines the confinement pressure,
overestimates the real confinement by 13% (for f = 0.3). The higher the coefficient of
friction, the lower the real confinement pressure. The stress state is found to have some
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inhomogeneity that evolves with the time and level of confining pressure. This lack of
homogeneity is also true for the frictional shear stress which decays along the specimen
radius. Hence, step 3, which assumes homogeneous mechanical fields in the specimen
with a simplified frictional stress model, is a first approximation that can be verified
numerically as done in step 4. In this step, the numerical simulations are driven by
experimentally measured parameters, allowing for the identification of the most
plausible pressure sensitivity index (β) with full account of frictional effects. The
numerical results of step 4 reveal that σ eq increases with β. Performing step 3 (Eqn.
(9)) with the common frictionless assumption (f = 0) results in lower values of σ eq ,
hence the determined β is a lower bound.
Finally, combining the strain-rate and pressure sensitivity results for commercial
polycarbonate, one obtains a simple constitutive law:

σ eq + 0.268 p = 0.911σ c

(12)

where σ c ( ε p , ε& ) is detailed in Fig. 3. It should be noted here that p is considered
negative for the current compression tests.
Equation (12) can be further simplified by considering a specific strain (stress) level,
such as the peak stress, which was approximated by σ cpeak ≅ 89.8ε& 0.03871 [ MPa ] , similar
to Rittel and Brill (2008). Assuming that τ flow =
peak
τ flow
= 39.7 γ& 0.03871 − 0.134 p

σ eq
2

and ε& =

γ&
2

, Eqn. (12) reduces to:

(13)

[ MPa]

To conclude, this study has presented a systematic methodology to characterize the
mechanical properties of pressure sensitive materials, with a full account of frictional
stresses. The various sources of error, which relate to the homogeneity of the
mechanical fields in the specimen, as well as to the very distribution of the frictional
stress, have been identified. Having clarified the nature and effect of each parameter on
the measured properties, the proposed methodology based on the decoupling between
pressure and rate effects is rather simple and of an easy implementation.
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assistance. The support of the Technion Fund for Future Security (PMRI grants
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Captions of tables
Table 1

Mechanical and physical properties of the sleeves materials. Note that
(M) indicates measured property which is otherwise taken from the
literature

Table 2

Quasi-static loading: Details of the dynamic tests and calculated absolute
values of

q̂ (confining pressure,) p (hydrostatic pressure) and

σ eq (equivalent stress)

Table 3

Dynamic loading: Details of the dynamic tests and calculated absolute
values of

q̂ (confining pressure), p (hydrostatic pressure) and

σ eq (equivalent stress)

Table 4

Polycarbonate properties
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TABLES

Table 1: Mechanical and physical properties of the sleeves materials. Note that (M)
indicates measured property which is otherwise taken from the literature
property

Maraging

Maraging

Aluminum

Steel

steel 250

steel 300

6061 T651

1020

ρ [Kg / m 3 ]

8000

8000

2700

7800

E [GPa ]

210

210

69

210

ν

0.3

0.3

0.33

0.3

σ static
[MPa ]
Y

1790

2250 (M)

-

-

σ dynamic
[MPa ]
Y

2200 (M)

-

350

840 (M)
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Table 2: Quasi-static loading: Details of the dynamic tests and calculated absolute
values of q̂ (confining pressure,) p (hydrostatic pressure) and
σ eq (equivalent stress).

specimen

1
2

qˆ

σ zz

Sleeve

[ MPa ]

[ MPa ]

[ MPa ]

5x10-4

0

0

70

23

70

5x10

-3

0

0

74

25

74

-2

0

0

77

26

77

t

Sleeve

Strain rate

σ Y [MPa ]

[mm]

material

[s-1]

-

unconfined
unconfined

-

p

σ eq
[ MPa ]

3

-

unconfined

5x10

4

0.32

M 250

5x10-4

1790

173

255

200

122

5

0.32

M 250

5x10-4

1790

173

253

200

120

6

0.50

M 250

5x10-4

1790

257

372

295

176

7

0.50

M 250

5x10-4

1790

257

353

289

165

8

0.27

M 300

5x10-4

2250

186

250

207

116

9

0.27

M 300

5x10-4

2250

186

251

208

116

10

0.30

M 300

5x10-4

2250

205

289

233

136

11

0.50

M 300

5x10-4

2250

323

401

349

185

M 300

5x10

-4

2250

323

414

353

191

5x10

-4

2250

323

413

353

190

12
13

0.50
0.50

M 300
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Table 3: Dynamic loading: Details of the dynamic tests and calculated absolute values
of q̂ (confining pressure), p (hydrostatic pressure) and σ eq (equivalent
stress) .
specimen

t

Sleeve material

Strain rate

σ Y [MPa ]

p

[s ]

Sleeve

[ MPa ]

[ MPa ]

[ MPa ]

-1

[mm]

σ zz

qˆ

σ eq
[ MPa ]

1

0.3

M 250

3800

2200

200

309

237

150

2

0.3

M 250

3600

2200

200

330

244

166

3

0.3

M 250

3800

2200

200

316

239

156

4

0.5

M 250

3800

2200

315

450

360

212

5

0.5

M 250

3900

2200

315

452

361

213

6

0.5

M 250

4300

2200

315

460

364

219

7

0.7

Aluminum 6061

4900

350

67

213

115

150

8

0.7

Aluminum 6061

5000

350

67

207

113

145

9

0.7

Aluminum 6061

5000

350

67

210

114

147

10

0.7

Aluminum 6061

4800

350

67

205

113

143

11

0.7

Aluminum 6061

5000

350

67

202

112

140

12

0.3

Steel 1020

4400

840

76

214

122

143

13

0.3

Steel 1020

4400

840

76

218

124

150

14

0.48

Steel 1020

4100

840

116

232

155

131

15

0.48

Steel 1020

4100

840

116

240

158

138

16

0.7

Steel 1020

4400

840

160

287

202

152

17

0.7

Steel 1020

4300

840

160

291

204

155

18

-

Unconfined

4100

-

-

110

37

110

19

-

Unconfined

4900

-

-

115

38

115

20

-

Unconfined

4100

-

-

125

42

125

21

-

Unconfined

3600

-

-

120

40

120

22

-

Unconfined

4800

-

-

115

38

115

23

-

Unconfined

5600

-

-

119

40

119

24

-

Unconfined

5600

-

-

116

39

116
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Table 4 : Polycarbonate properties
property

polycarbonate

ρ [Kg / m 3 ]

1200

E [GPa ]

2.2

ν

0.37
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Captions of figures
Fig. 1.

The specimen assembly. a. Cylindrical polycarbonate specimen. b. Metallic
sleeve. c. Adapter which is used to apply pressure to (a). d. Assembly of the
specimen into the sleeve. e. Assembly of the adapter (c) on top of the
confined specimen. f. The assembled specimen under quasi-static
compression testing.

Fig. 2.

A cylinder with an outer radius a and a sleeve of thickness t with cartesian
and cylindrical coordinate systems attached to it.

Fig. 3.

True stress–strain curves for unconfined specimens (1-3) along with typical
dynamic results. The high strain-rate sensitivity of PC is noticeable.

Fig. 4.
Fig. 5.

Quasi static experimental results of confined specimens. a. Specimens 4-7 of
table 2 confined with sleeve made of M 250 steel . b. Specimens 8-13 of table
2 confined with sleeves made of M 300 steel.
Dynamic experimental results . a. Specimens 1, 2, 5 and 6 of table 3 confined
with M 250 sleeves, and specimens 7-8 of table 3 confined with aluminum
6061 sleeves. b Specimens 12-17 of table 3 confined with 1020 steel sleeves.

Fig. 6

Quasi static and dynamic experimental results of the equivalent stress vs.
pressure.

Fig. 7

Strain rate sensitivity of unconfined polycarbonate. The stress is measured at
its peak value.

Fig. 8

The axisymmetric assembly model with a coordinate system and arrows
indicating the location of the applied velocities in the dynamic simulations. a.
The geometrical model which consists of three parts: specimen, sleeve and
adapter. b. A typical meshed model with quadrilateral elements.

Fig. 9

Comparison of the experimental stress-strain curve of specimens 10 and 12 of
table 2 to the numerical stress strain obtained by solving quasi- statically with
the assumption of f = 0.3 and β = 15 o . Note the very good agreement
between the experiments and the simulations for this set of parameters

Fig. 10

Numerically

calculated

stress

strain

curves

for

f = 0.3

and

β = 5o ,10o ,15o and 20o , and experimental results together with their
corresponding typical applied velocities. The specimens are detailed in table
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3. a. Comparison of the experimental stress-strain curve of specimens 9 to the
numerically obtained stress strain curves. b. Same as (a) for specimen 5. c.
The experimental measured velocities of specimens 7-11 and their digitized
approximation d. Same as (c) for specimens 4-6.
Fig. 11

Numerical map contours at εˆzz = 0.2 . The maps correspond to specimens 4-6
of table 3. The assumptions:

f = 0.3 and β = 15 o are used and the applied

velocities of Fig. 10(c). The horizontal line is the deformed “mid-height line”
seen in Fig. 8(a). a. True strain (ε zz ) b. True stress (σ zz ) . c. Radial stress

(σ rr )
Fig. 12

. d. Shear stress (σ rz ) .

The applied external work and the dissipated frictional work and the ratio
between them as a function of the true strain during an experiment in a SPHB.
The curves represent the behavior of specimens 4-6 of table 3.

Fig. 13

Effect of β on the averaged values on the mid-height line. a. confinement
pressure. b hydrostatic pressure. c. equivalent Mises stress.
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FIGURES

a.

b.

c.

d.

e.

f.

Fig. 1. The specimen assembly. a. Cylindrical polycarbonate specimen. b. Metallic
sleeve. c. Adapter which is used to apply pressure to (a). d. Assembly of the
specimen into the sleeve. e. Assembly of the adapter (c) on top of the
confined specimen. f. The assembled specimen under quasi-static compression
testing.
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Fig. 2. A cylinder with an outer radius a and a sleeve of thickness t with cartesian and
cylindrical coordinate systems attached to it.
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Fig. 3. True stress–strain curves for unconfined specimens (1-3) along with typical
dynamic results. The high strain-rate sensitivity of PC is noticeable.
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a

b
Fig. 4. Quasi static experimental results of confined specimens. a. Specimens 4-7 of
table 2 confined with sleeve made of M 250 steel . b. Specimens 8-13 of table
2 confined with sleeves made of M 300 steel.
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a

b
Fig. 5.

Dynamic experimental results . a. Specimens 1, 2, 5 and 6 of table 3
confined with M 250 sleeves, and specimens 7-8 of table 3 confined with
aluminum 6061 sleeves. b Specimens 12-17 of table 3 confined with 1020
steel sleeves.
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Fig. 6. Quasi static and dynamic experimental results of the equivalent stress vs.
pressure.
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Fig. 7. Strain rate sensitivity of unconfined polycarbonate. The stress is measured at its
peak value.
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a.
Fig. 8.

b.

The axisymmetric assembly model with a coordinate system and arrows
indicating the location of the applied velocities in the dynamic simulations.
a. The geometrical model which consists of three parts: specimen, sleeve and
adapter. b. A typical meshed model with quadrilateral elements.
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Fig. 9.

Comparison of the experimental stress-strain curve of specimens 10 and 12
of table 2 to the numerical stress strain obtained by solving quasi- statically
with the assumption of f = 0.3 and β = 15 o . Note the very good
agreement between the experiments and the simulations for this set of
parameters.
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Fig. 10.

a.

b.

c.

d.

f = 0.3 and
Numerically calculated stress strain curves for
o
o
o
o
β = 5 ,10 ,15 and 20 , and experimental results together with their
corresponding typical applied velocities. The specimens are detailed in table
3. a. Comparison of the experimental stress-strain curve of specimens 9 to
the numerically obtained stress strain curves. b. Same as (a) for specimen 5.
c. The experimental measured velocities of specimens 7-11 and their
digitized approximation d. Same as (c) for specimens 4-6.
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Fig. 11. Numerical map contours at εˆzz = 0.2 . The maps correspond to specimens 4-6
of table 3. The assumptions: f = 0.3 and β = 15 o are used and the applied
velocities of Fig. 10(c). The horizontal line is the deformed “mid-height line”
seen in Fig. 8(a). a. True strain (ε zz ) b. True stress (σ zz ) . c. Radial stress
(σ rr ) . d. Shear stress (σ rz ) .
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25
external work
frictional work
ratio [%]

energy [J]
[%]

20

15

10

5

0
0

Fig. 12.

0.05

0.1

0.15
true strain

0.2

0.25

0.3

The applied external work and the dissipated frictional work and the ratio
between them as a function of the true strain during an experiment in a
SPHB. The curves represent the behavior of specimens 4-6 of table 3.
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a.

b.

c.
Fig. 13.

Effect of β on the averaged values on the mid-height line. a. confinement
pressure. b hydrostatic pressure. c. equivalent Mises stress.
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