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Abstract
This paper presents the thermal analysis of cyclic compression experiments which were carried out on commercial PC
and PMMA cylindrical specimens. The thermal problem is solved numerically (®nite element). Uniform internal heat
generation is assessed from the experimental evolution of the hysteretic energy rate throughout the experiment. The
results show a very good agreement between the calculated and the measured temperatures. The temperature peak
which characterized the PC specimens and the continuously rising temperature of the PMMA cylinders are very well
reproduced using simple assumptions of uniform heat generation and a constant ratio of the thermal to mechanical
power conversion (b  0:5). The mathematical solution provides information on the temperature distribution and its
dependence on the boundary conditions (insulation of the specimen from the platens). These results are discussed with
respect to surface temperature sensing of polymeric materials. Ó 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction
In the ®rst part of this work (Rittel, 2000), we
presented results on the hysteretic heating of
commercial PMMA and PC. Cylindrical specimens were tested in compression at relatively high
stress amplitudes (scaled with respect to the yield
strength). While the cylinders were virtually identical and were tested in similar conditions, a
marked dierence in their thermal response was
observed. Speci®cally, the PC specimens exhibited
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a high temperature peak during the initial part of
the loading, followed by a plateau phase and
subsequent rise again, towards ®nal failure. By
contrast, the temperature of the PMMA kept increasing until ®nal failure. An additional dierence
was observed in the failure modes of these materials: the PC cylinders failed by barreling, whereas
the PMMA cylinders exhibited a localized bulging
at failure.
One important conclusion was that the nature
of the thermal process deserves further study to
deepen our understanding of the consequences of
hysteretic heating. It appears that two factors
should be considered: the ®rst is the extent of the
thermomechanical coupling, which conditions
the temperature changes. The second relates to the
boundary conditions of the speci®c problem which
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2. Theoretical background and numerical model

where r0 and e0 stand for the amplitude of the
cyclic stress and strain, respectively. The value of
sin d is obtained from the hysteresis loop formed
by plotting the stress vs. strain. The rate of dissipated energy W_ in is evaluated over one cycle. The
factor b, which multiplies W_ in , expresses the ratio
of the thermal to mechanical power (neglecting
thermoelastic eects). While it has been established
that this factor is both strain and strain-rate dependent (Mason et al., 1994; Rittel, 1999), we did
not attempt to evaluate its varying value for cyclic
loading of the investigated polymers. Rather, we
assumed, as a ®rst approximation, that b is constant. It should be noted that, for cyclically loaded
copper tubes, Dillon (1966) showed that this ratio
varied throughout the single cycle. In this sense,
our constant value will be considered as an average
value.

2.1. Theoretical background

2.2. Numerical model

The basic equations were developed in the ®rst
part of the paper and will only be brie¯y addressed
here. The heat balance equation, including a heat
generation term, is written as follows:

The specimen and the experimental setup are
described schematically in Fig. 1. The cylindrical
specimen is placed between two rigid platens. In
the same ®gure, a two-dimensional sketch of the
problem is shown. The analysis is two-dimensional
and axially-symmetric. For the purpose of analysis, the following points in the specimen are de®ned: point 1 corresponds to the location of the
core thermocouple; points 2±4 are located on the
outer boundary of the specimen. Point 5 corresponds to the location of a second thermocouple,
located close to the specimen±platen interface

determine, in turn, the temperature distribution
and the resulting failure mode.
Consequently, we further investigate the conversion of mechanical into thermal energy for the
speci®c experiments, which are described in the
®rst part of this paper. The main idea is to obtain a realistic approximation of the temperature
®eld within the specimen, given the evolution of
the dissipated energy throughout the experiment.
It is shown that the speci®c thermal response
could be predicted, based on the general evolution of the dissipated energy throughout the experiment. Finally, conclusions are drawn
regarding bulk vs. surface temperature measurements.

bW_ in  kr2 T  qcE T_ ;

1

where k is the thermal conductivity, q the density,
cE the speci®c heat, T the temperature, Win and b
are addressed below.
The dissipated energy (per volume) is given by:
Win  Pr0 e0 sin d;

2

Fig. 1. Schematic representation of the experimental setup and the model for numerical analysis. Five representative points are
selected. Point 1 is located at the center of the specimen, points 2±4 on the specimen boundaries. Point 5 is located 1 mm below the
platen and 1 mm from the outer surface.
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(about 1 mm below the platen and 1 mm from the
outer surface). Such a thermocouple was used to
assess the uniformity of the temperature in the
specimen (see part I). The following thermal
boundary conditions are assumed:
1. heat transfer by conduction between the specimen and the platens;
2. heat transfer by convection from the specimen
outer surface to the surroundings;
3. heat transfer by convection from the platen exposed surface and the surroundings;
4. uniform initial temperature distribution;
5. a constant temperature at the far end of the
platens from the specimen, equal to the initial
temperature.
Internal heat generation was applied to the
cylindrical specimen only. Two typical cases were
numerically solved: the ®rst consists of an ``insulated'' specimen for which the cylinder and the
platens (without internal heat generation) are
made of the same polymeric material. Polymeric
platens have thermophysical properties which are
similar to those of the ceramic platens which were
inserted, in most experiments, between the specimen and the steel platens. In the second case,
designated as the ``non-insulated'' case, the platens were assumed to be made of carbon steel. The
model was discretized for ®nite element analysis
and solution of Eq. (1) with the appropriate
boundary conditions. The temperature distribution was solved using ANSYS (1994), which is a
commercial ®nite element package. The setup was
meshed with eight node axisymmetric thermal
solid element (PLANE77). The experimentally
determined evolution of the dissipated energy
rate, W_ in t, was applied as internal heat generation rate in the numerical model. W_ in t was assumed to be uniformly distributed in space. The
ratio of the thermal to mechanical power (neglecting thermoelastic eects) was taken as a
constant, b  0:5. The various coecients and
material properties used in the calculations are
detailed in Appendix A. The thermal conductivity
of the investigated materials was assumed to be
constant and uniform (Waterman, Ashby, 1991).
By contrast, the speci®c heat of these materials
was treated as temperature-dependent (Tadmor,
1979).
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3. Results
3.1. Experimental
Fig. 2 shows characteristic temperature evolutions, as measured in the core of PC specimens.
Each specimen was stressed at a dierent relative
stress amplitude with respect to its yield strength.
As expected, specimen D5, which was stressed near
its yield strength, exhibits a marked temperature
peak when compared with other specimens stressed at lower amplitudes. The corresponding
hysteretic energy rates (per cycle) are plotted in
Fig. 3. It can be seen from this ®gure that, in spite
of the noticeable scatter in the results, the following tendency is observable: the higher the stress
amplitude, the greater the number (cluster) of high
energy points at the initial stage of the experiment.
This is particularly remarkable when comparing
the results of specimen D5 with those of D18 for
example. The results obtained for two selected
PMMA specimens are shown in Fig. 4. Here, the
temperature increases monotonically until ®nal
failure. The corresponding dissipated strain energy
per cycle is scattered in this case too. Nevertheless,
the energy tends to increase with time. It is also
noted that by contrast with PC, there is no cluster
of high energy points for PMMA.
3.2. Numerical
3.2.1. Core temperatures
Comparison of experimental data and numerical solution of the core temperature is shown in
Figs. 5 and 6 for PC (specimens D5 and D18) and
PMMA (specimens D12 and D17), respectively.
For these cases, the ``insulated'' model has been
used. A very good agreement can be observed
between the numerical and experimental results.
This indicates that the calculations closely replicate the actual physical process.
3.2.2. Insulated vs. non-insulated case
Fig. 7 shows the core and near-surface temperatures calculated for the insulated and noninsulated cases. The in¯uence of the absence of
insulation is evident in the sense that it lowers
the values of the temperature ®eld. On the other
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Fig. 2. Experimental results for the core temperature of insulated PC specimens (D5, D28, D18 and D11). The specimens were
cyclically loaded at dierent relative amplitudes (with respect to yield strength, Sy). Note that the higher the amplitude, the better
de®ned the thermal peak.

Fig. 3. Evolution of the hysteretic energy per unit volume per cycle, for the PC specimens shown in Fig. 2. High-energy points tend to
cluster at the initial stages for specimens loaded at higher amplitude.

hand, the similarity in both cases is that the peak
temperature is always found at the core, regardless of the applied boundary conditions. Here
too, the present results corroborate results shown
in the ®rst part, in which the non-uniformity of
the temperature ®eld was investigated experimentally.

3.2.3. Temperature distribution within the specimen
For the analyses of the temperature ®eld within
the specimen cross-section, the following non-dimensional temperature is introduced:
hi t 

Ti t ÿ T1
;
T1 t ÿ T1

3
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Fig. 4. Experimental results for the core temperature and the corresponding hysteretic energy per unit volume per cycle for insulated
PMMA specimens (D12 and D17). The temperature increases steadily, and there is no clustering of high-energy points, as in the case of
PC.

Fig. 5. Numerical and experimental results for the core temperature of PC, specimens D5 and D18. Note the very good agreement
between the numerical and the experimental results.

where Ti is the temperature at a speci®ed location,
T1 the surroundings temperature, and T1 is the
core temperature. The non-dimensional temperature presented in Eq. (3) is an indicator of the
uniformity of the temperature ®eld within the
cross-section. A value of 1 indicates high uniformity, while the value of 0 indicates maximal temperature dierences.

Figs. 8 and 9 show typical time dependence of
temperatures at the various locations speci®ed in
the insert of these ®gures, for PC and PMMA insulated specimens, respectively. Both ®gures show
that hi is almost time- (or number of cycles)independent. The value of h2 is close to 0.8, which
indicates a 20% temperature variation in the
radial direction, when compared with the maximal
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Fig. 6. Numerical and experimental results for the core temperature of PMMA specimens D12 and D17. Here too, agreement between
the numerical and the experimental results is very good.

Fig. 7. Numerical results for the core (point 1) and the near surface (point 5) temperatures of PC specimen D5. Calculation was
performed for the insulated (ins.) and non-insulated (non-ins.) case.

possible temperature dierence. The observation
of a signi®cant radial temperature variation coincides with Biot number of the order of 1, where
Biot number is a non-dimensional number representing the ratio of the thermal resistance to radial
heat conduction and the thermal resistance to heat
¯ow by convection to the surroundings:

Biot 

hd
;
k

4

where d is the specimen diameter. When evaluating
the non-dimensional results presented in Figs. 8
and 9, one should bear in mind that the actual
temperatures are changing with time, at any spe-
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Fig. 8. Non-dimensional temperature evolution in an insulated model of a PC specimen (D18).

Fig. 9. Non-dimensional temperature evolution in an insulated model of a PMMA specimen (D17).

ci®c point within the specimen, as shown in the
previous ®gures. However, these changes are proportional everywhere in the ®eld in such a way that
the non-dimensional temperatures representing
this process remain almost constant.

Figs. 10 and 11 show the dierence between
the insulated and non-insulated models of the
same PC specimen, as a result of the same heat
generation history. The core temperature in both
cases is essentially the same. However, the base
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Fig. 10. Non-dimensional temperature evolution in a non-insulated model of a PC specimen (D5).

Fig. 11. Non-dimensional temperature evolution in an insulated model of a PC specimen (D5).

temperatures of the non-insulated model (h3 and
h4 ) have almost not changed from their initial
value, whereas the base temperatures in the in-

sulated case vary in the range of 0.4±0.7. This
indicates that the base temperature is dominated
by the thermophysical properties and the heat
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capacity of the platens in the non-insulated case.
The temperature at 1 mm from the specimen
base and surface, h5 , is also in¯uenced by the
platens. Finally, the lower temperatures shown in
Figs. 8±11 are found at the outer surface of the
specimen, and in contact with the platen
(point 3). This is expected since this point is
exposed both to heat conduction to the platen
and heat convection to the surroundings.

3.2.4. Possible implications for surface temperature
sensing
Temperature measurement using thermocouples, as performed in this study, suers from the
disadvantage of collecting temperature data from
one or more discrete locations. Another limitation is the possible heat conduction by the thermocouple, which may interfere with the readings.
This diculty can be overcome by using an infrared temperature measurement technique,
which gives the surface temperature distribution
with minimal interaction between the sensor and
the sensed phenomenon (see e.g., Arruda et al.,
1995; Trojanowski et al., 1997). Figs. 8±11 indicate signi®cant temperature distribution in the
radial direction, at any speci®c height of the
specimen: the outer surface temperatures are
about 20% lower than the temperature at the
center of the specimen at its mid-height, and
about 45% lower at the base of the specimen in
an insulated model. This means that infrared
temperature measurements of the surface may
indicate only about one half of the actual temperature dierence between the center of the
specimen and its surface, when focussing on
points in the vicinity of the specimenÕs base. This
leads to the conclusion that infrared temperature
measurements may be misleading when experimenting with cylindrical polymer specimens.
Previous work on metals by Kapoor and NematNasser (1998) has raised a similar question about
the accuracy of infrared sensing techniques.
Therefore, it is highly suggested that infrared
temperature measurements will be performed
only in cases characterized by low Biot number,
say Biot < 0.1.
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4. Summary
The numerical study presented here shows that
once the dissipated energy has been assessed, the
temperature evolution and distribution can be
calculated using simple assumptions, such as to
match the experimental observations. For this
purpose, we assumed spatial uniformity of the
energy distribution. Likewise, a constant conversion ratio of mechanical into thermal power has
been assumed. While the latter varies during the
cycle, the value employed here was shown to
yield satisfactory results with respect to the
measured data. One could of course match an
``optimal'' function for b t based on some
parametric estimation technique. At this stage,
however, a constant value of b t is considered as
fairly adequate to reproduce the salient experimental observations. It is also noted that such a
low value for b t, of the order of 0.5, indicates
that a non-negligible part of the hysteretic energy
is actually stored through microstructural modi®cations. Similar observations were made by
Salamatina et al. (1994). On the other hand, experimental eort should be dedicated to the determination of b t to improve the predictive
capability.
Another important outcome of this study concerns the distribution of hysteretic energy and the
observed evolution of the core temperature. It
appears that, even if the energy distribution suers
from inherent experimental scatter, it nevertheless
indicates qualitatively the expectable temperature
evolution. This observation stems from the fact
that W_ in and T_ are of the same order with respect
to time. Therefore, the initial cluster of high energy
points observed in PC specimens correlates with
the observed (and calculated) temperature peak, in
contrast with PMMA specimens.
Finally, the value of the temperature reached
and its distribution within the specimen crosssection determine the attainment of a failure
criterion, which is expected to rely on a critical
temperature (see e.g., Dillon, 1976). Here again,
the center of the specimen is the expected locus
for the higher temperature, regardless of the
boundary conditions. However, the calculations
indicate that if the temperature of the specimen
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is assessed using surface measurements (e.g., infrared), care should be exercised as to the location of the probed point(s) and the assessment
of the maximal temperatures within the specimen.

5. Conclusions
The temperature distribution and evolution was
calculated, using simple assumptions, and compared to experimental observations for cyclically
loaded PC and PMMA.
· A very good agreement was found between the
numerical and the experimental temperatures,
using the hysteretic energy as an input, for the
two materials.
· The center of the specimen is the expected and
observed locus for the higher temperature, regardless of the boundary conditions.
· The calculations indicate that if the temperature
of the specimen is assessed using surface measurements (e.g., infrared), care should be exercised as to the location of the probed point(s)
and the assessment of the maximal temperatures
within the specimen.
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Appendix A
For all calculations, the initial and outer reference temperatures were taken as Tref  293 K. The
convection heat transfer coecient was assumed
h  15 W/m2 K. The following material properties
were used for the numerical calculations.

(a) PMMA. Density: 1199 kg/m3 , k (thermal
conductivity): 0.2 W/m K and temperature dependent speci®c heat (Tadmor, 1979):
T (K)

Cp (J/kg K)

319
349
370
390
433
462

1440
1615
1760
2165
2240
2300

(b) PC. Density: 1199 kg/m3 , k (thermal conductivity): 0.2 W/m K and temperature-dependent
speci®c heat (Tadmor, 1979):
T (K)

Cp (J/kg K)

331
361
380
412
442
497

1440
1494
1600
1788
2036
2127

(C) Steel (platens). Density: 7800 kg/m3 , k (thermal
conductivity): 54 W/m K and speci®c heat (Holman, 1986): Cp  465 J/kg K.
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