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Finite difference method for solving
crack problems in a functionally
graded material

A Dorogoy

Abstract
A linear elastic two-dimensional formulation for functionally graded materials is presented. The two-dimensional equili-
brium equations and boundary conditions in an orthogonal curvilinear coordinate system are written explicitly. The finite
difference technique is used to solve the above formulation. The solution technique is verified by solving two test prob-
lems, in which the material is graded horizontally and vertically. The results are compared to analytical results and have
very good agreement. The solution technique is then applied to solve a long layer containing an edge crack in which it is
assumed that the Young’s modulus varies continuously along its width. The problem is solved for two loading conditions:
tension and bending. The mode I stress intensity factor is extracted by applying three methods: J line and two versions
of a modified conservative J integral for graded materials. All three methods provide similar results, which are in excel-
lent agreement with the semi-analytical results in the literature. These results demonstrate the applicability of the finite
difference technique for solving crack problems in functionally graded materials.
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1. Introduction

The development of functionally graded materials (FGMs)

offers new alternatives for engineering design. These mate-

rials enable engineers to tailor the material properties of a

part, and not just its dimensions or shape, to meet design

objectives and constraints. FGMs are characterized by gra-

dual spatial changes in their properties due to changes in

their composition or structure. Usually, they are compo-

sites, but they can also be monolithic materials that do not

contain well-defined boundaries or interfaces between their

various regions.1 The smooth transition of properties avoids

high interlaminar stresses and delamination, which affects

laminated composites. Because of the improved mechanical

behavior, these materials are increasingly used in a variety

of engineering applications.2 Developments of the process-

ing techniques of FGMs are constantly made,3 and the

development of three-dimensional (3D) printing, which has

the capability of extruding two different filaments from one

nozzle,4 will further increase FGM usability.

Cracking and fracture of such materials can occur

and have been extensively investigated, as described in

the literature.5–8 Numerical models, such as integral equa-

tions,7–12 boundary elements,13,14 and the finite element

method,15–20 have been used to investigate FGMs. A com-

prehensive review of the various analytical and numerical

methods employed to study the static, dynamic, and stabi-

lity behaviors of FGM plates is given in Swaminathan

et al.21 All possible evaluation techniques of such materi-

als (aimed at enriching numerical capability) should be

investigated. Having more than one numerical technique

that converges to the same result, especially in problems

that do not have analytical solutions, is an advantage.

In this investigation, the finite difference (FD) method

is applied to solve crack problems in FGMs. The accuracy

that can be achieved in the calculation of stress intensity

factors (SIFs) is checked for a mode I crack problem in

FGMs. This technique is simple and easy to apply. It was

successfully applied to investigate 3D delamination,22 and

bimaterial crack problems with contact and friction
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between the crack faces of linear homogeneous elastic

materials.23–25

Three post-processing routines for SIF determination

were implemented. In Section 2, the linear elastic two-

dimensional formulation for FGMs is presented. The equi-

librium equations and the boundary conditions are trans-

formed to an orthogonal curvilinear coordinate system and

written explicitly. A verification of the technique is per-

formed in Section 3, wherein two test cases with analytical

solutions are solved successfully.26 Section 4 addresses the

edge crack problem. The first part of this section details

the three methods used to extract the SIF and their applica-

tion in the FD technique. Then, the edge crack problem is

introduced and solved. The manuscript ends with a sum-

mary and conclusions.

2. The FD formulation

The two-dimensional displacement equilibrium equations

in an x, y Cartesian coordinate system for linear elastic

FGMs with small strains, neglecting body forces, are given

by:

1+Kð ÞU , xx +U , yy +KV , xy +
a, x

G
U , x +

b, x

G
V , y

+
G, y

G
U , y +V , x

� �
= 0 ð1Þ

1+Kð ÞV , yy +V , xx +KU , xy +
a, y

G
V , y +

b, y

G
U , x

+
G, x

G
U , y +V , x

� �
= 0 ð2Þ

where a comma represents differentiation. The last four

terms in Equations (1) and (2), which include first deriva-

tive of the displacements, do not appear for homogeneous

materials.23–25 The material coefficients for the plane

stress and plane strain conditions are detailed in Table 1.

Young’s modulus E and Poisson’s ratio n are functions of

location: E = f1(x, y) and n= f2 x, yð Þ.
Stresses are related to displacements through Hooke’s

law as follows:

sxx = aexx + beyy = aU , x + bV , y ð3Þ

syy = aeyy + bexx = aV , y + bU , x ð4Þ

sxy = 2Gexy =G U , y +V , x

� �
ð5Þ

For plane strain:

szz = n sxx +syy

� �
= b U , x +V , y

� �
ð6Þ

For generality, the derivatives in the above equations are

transformed to a curvilinear coordinate system j,hð Þ by
means of the chain rule.22–25 Such a transformation enables

solutions in any curvilinear coordinates, e.g., rectangular

or cylindrical coordinates,23,24 and increases the capability

of refining the mesh at areas of stress concentration, as will

be shown in subsequent research. Transformed equilibrium

Equations (1) and (2) in the x- and y-directions, respec-

tively, are given by:

b
g
1 + bh

1

� �
U , j + b

g
2 + bh

2

� �
U , h + bh

3 U , jj

+ bh
4 U , hh + bh

5 U , jh + c
g
1 + ch

1

� �
V , j + c

g
2 + ch

2

� �
V , h

+ ch
3 V , jj + ch

4 V , hh + ch
5 V , jh = 0

ð7Þ

d
g
1 + dh

1

� �
V , j + d

g
2 + dh

2

� �
V , h + dh

3 V , jj

+ dh
4 V , hh + dh

5 V , jh + e
g
1 + ch

1

� �
U , j + e

g
2 + ch

2

� �
U , h

+ ch
3 U , jj + ch

4 U , hh + ch
5 U , jh = 0

ð8Þ

Coefficients bh
i , ch

i , dh
i i= 1 � � � 5 and b

g
i , c

g
i , d

g
i ,

e
g
i i= 1 � � � 2 depend on material properties and mixed

derivatives of both coordinates systems at an interior point

of the FD mesh at which the equilibrium equations are

imposed. Equations (7) and (8) are the same equations as

those for homogeneous materials.23–25 The only difference

from the homogeneous case lies in coefficients b
g
i , c

g
i ,

d
g
i , e

g
i i= 1 � � � 2. These coefficients appear because of the

contribution of the four terms with a first derivative of the

displacements in equilibrium Equations (1) and (2). These

terms appear because the material is nonhomogeneous.

Coefficients bh
i , ch

i , dh
i i= 1 � � � 5 and b

g
i , c

g
i , d

g
i , e

g
i

i= 1 � � � 2 are detailed in Appendix A.

The stresses corresponding to Equations (3)–(6) are

transformed to a curvilinear coordinate system via:

sjj = c11U , j + c12U , h + c13V , j + c14V , h ð9Þ

shh = c21U , j + c22U , h + c23V , j + c24V , h ð10Þ

sjh = c31U , j + c32U , h + c33V , j + c34V , h ð11Þ

Coefficients cij, i= 1 � � � 3, j= 1 � � � 4 depend on the

mixed derivatives of both coordinate systems at the point

of application of the boundary conditions, are given expli-

citly in Appendix A.

The tractions on the curvilinear boundary are given by:

Ti =sijnj ; i= j,h ; j= j,h ð12Þ

Table 1. Material coefficients.

Plane stress Plane strain

a= E
1�ν2 a= E 1�νð Þ

1�2νð Þ 1+ νð Þ
b= νa= nE

1�ν2 b= En
1�2νð Þ 1+ νð Þ

K= 1+ ν
1�ν K= 1

1�2ν
G= E

2 1+ νð Þ
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where Ti are the tractions, sij are the stresses in Equations

(9)–(12), and nj are the components of the outward unit

normal to the boundary in the j,hð Þdirections. The displa-
cements on the curvilinear boundary are given by:

U = c41Uj + c42Uh ð13Þ

V = c51Uj + c52Uh ð14Þ

where Uj and Uh are displacements in the curvilinear

directions. Coefficients cij ; i= 4 � � � 5 ; j= 1 � � � 2 are

also presented in Appendix A.

The physical domain (x, y) is mapped into a Cartesian

numerical domain j,hð Þ23–25 in which 14 j 4 2 and

14h4 2, as shown in Figure 1. Equations (7)–(14) are

used in the numerical domain. Mapping is performed using

polynomial transformations given by23:

x=
XM
i= 0

sij
i ð15Þ

y=
XN

i= 0

tih
i ð16Þ

where si ; i= 0 � � �M and ti ; i= 0 � � �N are constants.

Proper choice of the coefficients allows for mesh refine-

ment at the crack tip in the physical domain. The FD mesh

in the numerical domain has a constant mesh size h and k

in the j and h directions, respectively. The application of

the FD technique is the same as in previous studies.23–25

Central FD formulas (stencils), as detailed in Appendix

B, are substituted into Equations (7)–(11). The residuals of

all the difference equations approach zero as h2! 0 and

k2! 0.23 At each mesh point, there are two unknowns, that

is, displacements U and V. For each mesh point in the inte-

rior, there are two equilibrium equations (Equations (7) and

(8)). For each imaginary mesh point, there are two boundary

conditions applied on the adjacent boundary point (yellow).

These boundary condition can be displacements, tractions or

mixed traction-displacements. The values of the four ima-

ginary corner mesh points are determined via linear extrapo-

lation. The algebraic linear system of equations resulting

from the substitution of the stencils into Equations (7)–(14)

is programmed in Fortran 90 (Intel Fortran compiler, Intel

Parallel Studio XE 2013, Intel Corporation) and solved with

a Fortran library subroutine, Y12MAF (http://www.netli-

b.org/y12m/doc) that solves sparse systems of algebraic lin-

ear equations by Gaussian elimination.

3. Verification of the FD solution

Four test problems were solved to verify the accuracy of

the FD technique. These test cases include material grada-

tion but not stress concentration or stress singularities. The

four simple test problems are described in Cartesian coor-

dinates and have closed-form solutions for plane stress

non-homogeneous isotropic materials.26 The problems

consist of uniaxial tension T in the x direction of a square

plate with 04 x4 1 and 04 y4 1 and nonhomogeneous

properties E x, yð Þ. In the first two problems, Young’s mod-

ulus varies only along the x direction as E(x)= E0

1+ k
_

x
with

k
_

= � 0:5, 5. The analytical solution for the displace-

ments is found to be as follows26:

uA x, yð Þ= T

E0

x+ k
_ x2

2
+ n

y2

2

� �� �
ð17Þ

vA x, yð Þ= � n
T

E0

1+ k
_

x
� �

y ð18Þ

In the third and fourth problems, Young’s modulus var-

ies only along the y direction as E(y)= E0

1+ k
_

y
with

k
_

= � 0:5, 5. The analytical solution for the displace-

ment is also found in Sadd26:

uA x, yð Þ= T

E0

1+ k
_

y
� �

x ð19Þ

vA x, yð Þ= � n
T

E0

y+ k
_ y2

2
+

x2

2n

� �� �
ð20Þ

The geometry, load, and a color map that shows the x dis-

tribution of E(x) for k = 20.5 are shown in Figure 2(a).

The variations of E along x for k
_

= � 0:5 and 5 are shown

in Figure 2(b). In the numerical analyses, E0 = 1, n= 0:3,
and plane stress conditions prevail.

The boundary conditions applied numerically for all test

cases are:

At x = 0: Tx 0, yð Þ= � sxx 0, yð Þ= � 1,Ty 0, yð Þ=sxy 0, yð Þ
= 0

At x = 1: Tx 0, yð Þ=sxx 1, yð Þ= 1, Ty 1, yð Þ=sxy 0, yð Þ= 0

At y = 0: u x, 0ð Þ= uA x, 0ð Þ and v x, 0ð Þ= vA x, 0ð Þ, where uA

and vA are detailed in Equations (17)–(20).

Figure 1. Finite difference mesh in the numerical domain.
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At y = 1: Tx x, 1ð Þ=sxy x, 1ð Þ= 0 and Ty x, 1ð Þ=
syy x, 1ð Þ= 0

3.1. Test case 1: material gradation along
x with k

_= � 0:5 and k
_= 5

An equal mesh size was used with application of linear

transformations (Equations (15) and (16)), where

x= � 1+ j and y= � 1+h. The mesh size was

increased gradually until very good agreement between

the numerical and analytical displacements of the upper

free face at y = 1 was obtained. The initial number of

mesh points was 20 3 20 and the final number was 150

3 150 points. These numbers correspond to mesh sizes in

the transformed coordinates j,hð Þ of h = k = 1/18 =

0.0556 and h = k = 1/148 = 0.0068, respectively.

Figure 3(a) shows displacements u and v on the upper

free face (y = 1) for the case where k
_

= � 0:5 and com-

pares analytical results uA and vA to numerical results un

and vn, which were obtained with a 20 3 20 coarse mesh

and a 120 3 120 fine mesh. Even for the coarse mesh,

results vn are quite accurate, but results un need improve-

ment. For the 120 3 120 fine mesh, very good agreement

can be observed.

Figure 3(b) shows displacements u and v on the upper

free face (y = 1) for the case where k
_

= 5. The results of un

and vn (obtained with a 20 3 20 coarse mesh and a 150

3 150 fine mesh, respectively) are presented along with

the analytical displacements. For the coarse mesh, results

for vn differ significantly from the analytical results, while

results for un are quite accurate. For the fine mesh (150 3

150), very good agreement can be observed.

The relative error of the displacements is calculated via:

erroru ½%�= 100
un(xi)� uA(xi)

umax
A

ð21Þ

errorv ½%�= 100
vn(xi)� vA(xi)

umax
A

ð22Þ

where xi is a mesh point along the boundary and umax
A is

the maximum displacement u at (x, y) = (1, 1). The errors

for the case where k
_

= � 0:5 indicate that, for the coarse

mesh, the error in un is less than 7% (except from the cor-

ner point at (x, y) = (0, 1)). For the fine mesh, the maxi-

mum error drops below 1.1%.

The results for the case where k
_

= 5 indicate that the

usage of the 20 3 20 coarse mesh results in considerably

large errors; the error of un reaches 15% and the error of vn

reaches 5%. Increasing the number of mesh points to 120

3 120 reduces the errors significantly. The maximum

error in un is 2.7%, while the errors in vn are all below 1%.

A further increase of the number of points to 150 3 150

reduces the maximum error in un to 2.2%, while the errors

of vn remain below 1%.

3.2. Test case 2: material gradation along
y with k

_= � 0:5 and k
_= 5:0

An equal size coarse mesh of 20 3 20 points was used to

solve this problem. The results of the coarse mesh were

verified by using a finer mesh of 40 3 40 points. The

accuracy of the displacements on the upper free face at y

= 1 was checked with the aid of Equations (21) and (22).

Figure 4 shows the analytical displacements on the upper

face alongside the numerical ones. Figure 4(a) shows the

case where k
_

= � 0:5 and Figure 4(b) shows the case

where k
_

= 5:0. Excellent agreement can be observed for

both cases (even for the coarse mesh). The error is less

than 0.01% (except from the corner point at (x, y) = (0, 1),

at which it is 3%). The finer mesh with 40 3 40 points

confirms the results obtained by the coarse mesh.

3.3. Summary

The results of these test cases verify the accuracy of the

FD method presented. The results demonstrate conver-

gence, that is, the smaller the mesh size, the more accurate

the results. A considerably fine mesh is needed to obtain

Figure 2. (a) Uniaxial tension on a thin (plane stress) square
plate with a non-homogeneous E distribution. (b) The two
distributions of E(x) that were considered.
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accurate results when the direction of the material grada-

tion and the load coincide (test cases 1 and 2). A coarse

mesh is needed when the material gradation and the load

direction do not coincide (test cases 3 and 4). A crack

problem with stress singularity will be examined next.

4. The edge crack problem

The aim of this section is to demonstrate the application of

the FD technique for solving crack problems in FGMs. An

edge crack is a common type of structural damage, and there-

fore, it is very useful to investigate its fracture characteristics.

Many studies have investigated the mode I SIFs of cracks in

FGMs in unbounded materials.9,11,12 Erdogan and Wu solved

an edge problem in a bounded region composed of a long

strip of finite width in an FGM material.10 They assumed that

the shear modulus is graded exponentially along the width,

and the Poisson’s ratio remains constant. The purpose of this

investigation is to first reproduce the results obtained by

Erdogan and Wu,10 using the FD method.

The methods used to extract the mode I SIF from the

FD results are summarized and explained, and then the

problem and results are introduced.

4.1. Methods for calculating the mode I SIF

Three methods have been used in this investigation to

extract the mode I SIF from the FD results. They all

involve the J integral.27 These methods have been applied

in other investigations for finite elements results.16,17,19,20

They are briefly introduced here and their application for

FD results is explained.

4.1.1. A path-dependent J line. The line integral J is as

follows27:

J0 =

ð
G0

Wnx � Ti

∂ui

∂x

� �
dG ð23Þ

where path G0 is any path that starts on the bottom crack

face, surrounds the crack tip counterclockwise and ends

on the upper crack face. An example of such a path is

shown in Figure 5(a). The displacements are ui, the trac-

tions along this path are Ti =sijnj and nj are the compo-

nents of the outward normal to the path. The strain energy

density is given by W = 1
2

sijeij. A circular path for com-

puting J line Ge, which surrounds the crack tip at r = e, is
also shown schematically in Figure 5(a). The value of this

integral when e! 0 is Je.

Eischen5 has shown that for FGMs:

Je =

ð
Ge

Wnx � Ti

∂ui

∂x

� �
dG=

K2
I +K2

II

E0tip
ð24Þ

Figure 3. Comparison between analytical and numerical results
of the displacements at y = 1. The material is graded in the x
direction. (a) k

_= � 0:5. (b) k
_= 5.

Figure 4. Comparison between analytic and numerical results
of the displacements at y = 1. The material is graded in the y
direction. (a) k

_= � 0:5. (b) k
_= 5.
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where

Etip =Etip plane stress

E =
Etip

1�n2
tip

plane strain

(
ð25Þ

The subscript ‘‘tip’’ denotes the values at xtip, ytip

� �
—

the coordinates of the crack tip. Once Je is known, the

mode I SIF can be calculated by:

KI =
ffiffiffiffiffiffiffiffi
JeE

0
p

ð26Þ

A typical rectangular FD mesh on a cracked component

is shown in Figure 6. The crack tip lies at (x, y)= (xtip, 0).
Because of symmetry, only the region above the crack is

considered. Four typical lines for calculating J are also

illustrated. The path starts at (xR, 0), climbs vertically to

(xR, yT), continues horizontally to (xL, yT) and ends on the

crack face at (xL, 0). Integrand DJi of Equation (24) is cal-

culated by summing each interior point i that lies on the

path to approximate the integral as J0 ffi
P

i

D Ji dGi, where

dGi = dxi or dGi = dyi.

Integration is performed symmetrically on both sides of

the crack tip, that is, xtip � xR

		 		= xtip � xL

		 		, and when

xtip � xR

		 		[r! 0, the area encircled by the path

approaches zero and the value of J corresponds to Je. The

integral is calculated over many paths and the results are

curve-fitted by polynomial J0 ffi f rð Þ. Here Je is calculated

by taking the limit lim
r!0

f rð Þ½ � .

4.1.2. A conservative J integral. A closed path for calculating

the J line is shown in Figure 5(b). The path surrounds area

A and excludes the crack tip. The value of the J integral

can be written as:

J0 � Je =

þ
G0 +G1 +G2 +Ge

Wnx � Ti

∂ui

∂x

� �
dG ð27Þ

Note that along crack faces G1 and G2, the integrand vanishes,

and along Ge, normal n
_
points inward. By invoking the diver-

gence theorem, Equation (27) can be written as:

J0 � Je =

ð
A

∂W

∂x
� ∂

∂xj

sij

∂ui

∂x

� �
 �
dA ð28Þ

The derivative of the strain energy is as follows:

∂W

∂x
=

∂W

∂eij

∂eij

∂x
+

∂W

∂E

∂E

∂x
+

∂W

∂n

∂n

∂x
=sij

∂eij

∂x

+
∂W

∂E

∂E

∂x
+

∂W

∂n

∂n

∂x
ð29Þ

For homogeneous materials where ∂E
∂x

= ∂n
∂x
= 0, the inte-

gral of Equation (28) equals 0 and J0 � Je = 0; therefore,

J0 = Je and J integral is path independent.

For FGMs, it becomes as follows:

J0 � Je =

ð
A

∂W

∂E

∂E

∂x
+

∂W

∂n

∂n

∂x


 �
dA[

ð
A

∂W �

∂x
dA ð30Þ

Therefore:

Je = J0 �
ð
A

∂W �

∂x
dA ð31Þ

Figure 5. A schematic crack tip in FGM material. (a) Paths �0

and �ε used to calculate the J integral. (b) A closed path used to
calculate the J line. The path surrounds area A and excludes the
crack tip.

Figure 6. A typical FD mesh on a symmetric cracked
component (upper half only) with four typical paths for
calculating the J line. The crack tip is located at xtip.
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Equation (31) is path independent but includes both line

integral J0 and an area integral. The calculation of J0 is

performed as explained in Section 4.1.1. The area

encircled by path G2 is shown in Figure 6. The integrand in

Equation (31) is calculated within each interior point i and

summed as
Ð
A

∂W�

∂x
dA ffi

P
i

∂W �

∂x

� �
i
dAi, where dAi = dxidyi is

the area associated with internal mesh point i.

4.1.3. A conservative J area integral. If we have a continuous

function q with values of zero along G0 and 1 along Ge,

we can multiply both sides of Equation (28) to get the

following:

J0 � Jeð Þq= � Je =

þ
G0 +G1 +G2 +Ge

Wnx � Ti

∂ui

∂x

� �
qdG

ð32Þ

Invoking the divergence theorem on the right side of

Equation (32):

� Je =ð
A

(Wdjx � Ti

∂ui

∂x
)
∂q

∂xj

+ ½∂W

∂x
� ∂

∂xj

sij

∂ui

∂x

� �
� q

2
4

3
5dA

ð33Þ

After some algebraic manipulation, the integral may be

written as:

Je =

ð
A

(sij

∂ui

∂x
�Wdjx)

∂q

∂xj

dA�
ð
A

∂W �

∂x
q dA ð34Þ

The implementation of the area integral is the same as

explained in Section 4.1.2.

Function q was chosen as:

q x, yð Þ= x� xLð Þ x� xRð Þ y� yTð Þ
xtip � xL

� �
xtip � xR

� �
ytip � yT

� � ð35Þ

The shape of q for xtip, ytip

� �
= 0:5, 0:0ð Þ and xL = 0:2,

xR = 0:8 and yT = 0:3 is shown in Figure 7. Figure 7(a)

shows a 3D image of q, and Figure 7(b) shows a color con-

tour map. It is clearly observed that q has values of zero

for G0 and 1 for Ge (crack tip).

4.2. The edge crack problem

Figure 8 shows the geometry of the edge crack problem.

The height is eight times the width H
W
= 4

� �
to mimic a

long strip, and length a of the crack is half width W
a
W
= 0:5

� �
. Two loading conditions were analyzed: ten-

sion and bending. The applied boundary conditions are:

Ty x,Hð Þ= � Ty x, � Hð Þ=s0 tension

Ty x,Hð Þ= � Ty x, � Hð Þ=s0 1� 2 x

W

� �
bending

The Young’s modulus of an FGM is assumed to vary

exponentially as E xð Þ=E1ebx, and the Poisson’s ratio is

constant. Modulus variation E xð Þ is characterized by two

parameters: E1 =E 0ð Þ and E2 =E Wð Þ. Parameter b=

1
W
log E2

E1

� �
. Plane strain conditions are assumed.

Because of symmetry, only the upper half is analyzed

numerically. Free-face conditions (syy =sxy = 0) are

applied for the crack face. The component is fixed in space

by constraining the crack tip: u= v= 0. Symmetry condi-

tions v= 0, ∂u
∂y
= 0 are applied all along the symmetry

line.

In the analyses, the following parameters were used:

W = 1, a = 0.5, H = 4, E1 = 1000, y = 0.3, and s0 = 10. A

non-uniform mesh, which is dense at the region of the

crack tip, is used. A mesh with 160 mesh points in the x

direction and 120 mesh points in the y direction is used.

Figure 9 shows a transformation from the physical domain

Figure 7. The shape of q used to calculate J area. (a) 3D view.
(b) Color contour map.
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to the numerical domain (Equations (15) and (16)). The

mesh is dense where the derivatives ∂x
∂j
and ∂y

∂h
are small.

The mesh in physical domain (x, y) in the neighborhood

of the crack tip, which is located at (x0, y0) = (0.5, 0), is

shown in Figure 10. The mesh sizes near the crack tip, Dx

and Dy, are shown in the figure. The size of Dx and Dy

shown is ~0.11% the crack length. The first three nearest

paths for calculating J are shown in the figure.

4.3. Edge crack results

The edge crack problem was solved for two loading condi-

tions: tension and bending. The following cases were

solved: E2

E1
= 0:1, 0.2, 0.5, 1, 2, 5, and 10.

First, an example of the SIF calculation under tension

loading for case E2

E1
= 0:1 is shown. Figure 11 shows the

results of 75 J0, Je, and J area
e calculations along 75 paths

and the areas they enclosed. The first three paths are

shown in Figure 10. The path are symmetric in the x direc-

tions, i.e., xR � xtip ’ xtip � xL, which means that when

xR � xtip ! 0, area A around the crack tip is enclosed by

such path A! 0.

It is clearly observed that J0 is path dependent, but its

value for xR � xtip ! 0 converges to the expected value.

Here Je (Section 4.1.2) and Je
area (Section 4.1.3) are path

independent, and a constant value is obtained for J for any

distance from the crack tip. Some small divergence is

observed near the crack tip because FD does not accu-

rately predict the field very close to the crack tip. J0 is

approximated by a fourth-order polynomial, from which

the limit when xR � xtip ! 0 is extracted: J0
s0a
e!0

= 1:195.

Averaging the values of Je and Je
area in 0:2\ xR�xtip

a
\ 0:6

yields the normalized values 1.1144 and 1.1196, respec-

tively. Mode I SIF is calculated using Equations (25) and

(26) as the following values (which are normalized by

s0

ffiffiffiffiffiffi
pa
p

): 3.636, 3.511, and 3.519 for J0, Je, and Je
area,

respectively.

Table 2 summarizes the results and compares them to

the results obtained in (10) using dif =
K�

I
�KFD

I

K�
I

½%�, where
K�I is the result obtained in Erdogan and Wu.10 Tables 2

and 3 summarize the results for tensional loading and

bending loading, respectively. The cases solved numeri-

cally are: E2

E1
= 0:1, 0.2, 0.5, 1, 2, 5, and 10. Very good

agreement between the FD results and those of Erdogan

Figure 8. A long sheet with an edge crack.

Figure 9. Transformation of physical region (x, y) to
computational region ξ,ηð Þ. (a) Transformation of x (Equation
(15)). (b) Transformation of y (Equation (16)).
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and Wu,10 the analytic results for E2

E1
= 1 having been

taken from Anderson,28 can be observed in Tables 2 and

3; differences are less than 1% except for three cases (out

of 16): E2

E1
= 0:1 in tension loading, and E2

E1
= 0:1 and 0.2

for bending loading. The maximum difference in tension

is 1.97%. In bending loading, the maximum difference is

2.63%.

Overall, the good agreement with the results of Erdogan

and Wu,10 and the agreement between the three post-

processors applied on the FD results, confirm the reliability

to the FD method.

5. Summary and conclusions

A linear elastic two-dimensional formulation for FGMs in

the (x, y) coordinate system is presented. The formulation

of the equilibrium equations and boundary conditions were

transformed into the orthogonal curvilinear coordinate sys-

tem and were written explicitly. The FD technique was

used to solve the above formulation using the Fortran 90

programming language. The solution technique was first

verified by solving two test problems, in which the mate-

rial was graded horizontally and vertically. A comparison

with the analytical results showed very good agreement.

The solution technique was then applied to solve an edge

crack in a long layer. The Young’s modulus of the layer

was assumed to vary exponentially with width. The prob-

lem was solved for two loading conditions: tension and

bending. To extract the mode I SIF from the FD results,

three post-processor routines were developed and applied:

(a) J line close to the crack tip, (b) a conservative J integral

for FGM, and (c) a conservative J area integral for FGMs.

All three methods provided similar results and were in

excellent agreement with the semi-analytical results of

Figure 10. Mesh in (x, y) near the crack tip.

Figure 11. Results of calculations of J0, Jε, and Jε
area versus the

distance of the path from the crack tip.

Table 2. Normalized stress intensity factors obtained by FD for tensional loading and their relative difference from Erdogan and
Wu.10 The analytic results for E2

E1
= 1 are from Anderson.28

E2
E1

J0 Jε Jε
area Erdogan and Wu10

0.1 KI

σ0

ffiffiffiffi
πa
p 3.5231 3.4999 3.5014 3.5701

dif ½%� 1.32 1.97 1.93
0.2 KI

σ0

ffiffiffiffi
πa
p 3.3196 3.301 3.3023 3.3266

dif ½%� 0.21 0.77 0.73
0.5 KI

σ0
ffiffiffiffi
πa
p 3.0401 3.0276 3.0288 3.0331

dif ½%� 0.23 0.18 0.14
1 KI

σ0

ffiffiffiffi
πa
p 2.8286 2.8208 2.8217 2.8266

dif ½%� 0.07 0.21 0.17
2 KI

σ0

ffiffiffiffi
πa
p 2.6213 2.6179 2.6187 2.6233

dif ½%� 0.08 0.21 0.18
5 KI

σ0
ffiffiffiffi
πa
p 2.3576 2.3595 2.3601 2.3656

dif ½%� 0.37 0.26 0.23
10 KI

σ0

ffiffiffiffi
πa
p 2.1679 2.173 2.1736 2.1762

dif ½%� 0.38 0.15 0.12
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Erdogan and Wu.10 This agreement indicates that the

obtained stress and strain fields are accurate, which also

leads to accurate results for the J integrals. These results

demonstrate the applicability of the FD technique for sol-

ving crack problems in FGMs. The accurate SIF results

encourage further study in the field of fracture mechanics

associated with contact and friction, as in previous stud-

ies.23–25
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Appendix A

Coefficients for equilibrium equations and boundary
conditions in the curvilinear orthogonal coordinate
system

Let j,hð Þ be a curvilinear orthogonal coordinate system

in which x=X j,hð Þ and y= Y j,hð Þ. Let f x, yð Þ=
f X j,hð Þ, Y j,hð Þ½ � be any function on that two-

dimensional region. Using the ‘‘chain rule of derivatives,’’

the first derivative can be written as:

f , i = f , xx, i + f , yy, i i= j,h ðA1Þ

The second derivative is:

f , ij = f , xxx, jx, i + f , xy y, jx, i + y, ix, j

� �
+ f , yyy, jy, i + f , xx, ij + f , yy, ij ðA2Þ

Here, ij= jj,hh, jhð Þ.
Solving the two equations (Equations (A1)) yields the

following:

f , x =
1

J
y, hf , j � y, jf , h

� �
f , y =

1

J
�x, hf , j + x, jf , h

� � ðA3Þ

where the Jacobian is:

J = x, jy, h � y, jx, h ðA4Þ

The solution of the three equations (Equation (A2)) can be

written as:

f , xx

f , yy

f , xy

8<
:

9=
;=

axx bxx cxx dxx exx

ayy byy cyy dyy eyy

axy bxy cxy dxy exy

2
4

3
5

f , j

f , h

f , jj

f , hh

f , jh

8>>>><
>>>>:

9>>>>=
>>>>;
,

ðA5Þ

where coefficients aij, bij, and cij (ij= xx, yy, xy) in

Equation (A5) depend on both coordinate systems and are

given explicitly below:

axx =
1

J3
�2y, jhy, hx, hy, j + 2x, jhy, jy, 2h + y, hhx, hy, 2j

�
�x, hhy, hy, 2j + y, jjy, 2hx, h � x, jjy, 3h

�
ðA6Þ

bxx =
1

J3
2y, jhy, jy, hx, j � 2x, jhy, 2jy, h � y, hhy, 2jx, j

�
+ x, hhy, 3j � y, jjy, 2hx, j + x, jjy, 2hy, j

�
ðA7Þ

cxx =
y, 2h
J2

ðA8Þ

dxx =
y, 2j
J2

ðA9Þ

exx =
�2y, jy, h

J2
ðA10Þ

ayy =
1

J3
�2y, jhx, 2hx, j + 2x, jhy, hx, jx, h + y, hhx, hx, 2j

�
�x, hhy, hx, 2j + y, jjx, 3h � x, jjx, 2hy, h

�
ðA11Þ

byy =
1

J3
2y, jhx, hx, 2j � 2x, jhx, hx, jy, j � y, jjx, 2hx, j

�
+ x, hhy, jx, 2j � y, hhx, 3j + x, jjx, 2hy, j

�
ðA12Þ

cyy =
x, 2h

J2
ðA13Þ
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dyy =
x, 2j
J2

ðA14Þ

eyy =
�2x, jx, h

J2
ðA15Þ

axy =

1

J3
y, jhy, hx, hx, j + y, jhy, jx, 2h � x, jhy, 2hx, j � x, jhy, jy, hx, h

�
�y, hhx, hx, jy, j + x, hhy, hy, jx, j � y, jjy, hx, 2h + x, jjy, 2hx, h

�
ðA16Þ

bxy =

1

J3
�y, jhy, hx, 2j � y, jhy, jx, hx, j + x, jhy, hy, jx, j + x, jhy, 2jx, h

�
+ y, hhx, 2jy, j � x, hhy, 2jx, j + y, jjy, hx, hx, j � x, jjy, hx, hy, j

�
ðA17Þ

cxy = � y, hx, h

J2
ðA18Þ

dxy = � y, jx, j

J2
ðA19Þ

exy =
x, jy, h + x, hy, j

J2
: ðA20Þ

Substitution of Equations (A6)–(A20) in the equilibrium

equations yields the coefficients of the equilibrium equa-

tions (Equations (7) and (8)). Here a, b, k, and G are mate-

rial parameters detailed in Table 1:

b
g
1 =

a, x

G

y, h

J
� G, y

G

x, h

J
ðA21Þ

bh
1 = 1+Kð Þ axx + ayy ðA22Þ

b
g
2 = � a, x

G

y, j

J
+

G, y

G

x, j

J
ðA23Þ

bh
2 = 1+Kð Þ bxx + byy ðA24Þ

bh
3 = 1+Kð Þ cxx + cyy ðA25Þ

bh
4 = 1+Kð Þ dxx + dyy ðA26Þ

bh
5 = 1+Kð Þ exx + eyy ðA27Þ

c
g
1 = � b, x

G

x, h

J
+

G, y

G

y, h

J
ðA28Þ

ch
1 =Kaxy ðA29Þ

c
g
2 =

b, x

G

x, j

J
� G, y

G

y, j

J
ðA30Þ

ch
2 =Kbxy ðA31Þ

ch
3 =Kcxy ðA32Þ

ch
4 =Kdxy ðA33Þ

ch
5 =Kexy ðA34Þ

d
g
1 = � a, y

G

x, h

J
+

G, x

G

y, h

J
ðA35Þ

dh
1 = 1+Kð Þ ayy + axx ðA36Þ

d
g
2 =

a, y

G

x, j

J
� G, x

G

y, j

J
ðA37Þ

dh
2 = 1+Kð Þ byy + bxx ðA38Þ

dh
3 = 1+Kð Þ cyy + cxx ðA39Þ

dh
4 = 1+Kð Þ dyy + dxx ðA40Þ

dh
5 = 1+Kð Þ eyy + exx ðA41Þ

e
g
1 =

b, y

G

y, h

J
� G, x

G

x, h

J
ðA42Þ

e
g
2 = � b, y

G

y, j

J
+

G, x

G

x, j

J
ðA43Þ

The coefficients for Equations (9)–(11) for application of

traction boundary condition are as follows:

c11=
a1 1� nð Þ h2

jx, j

1+ nð Þ 1� 2nð ÞE ðA44Þ

c12=
a2n h2

hx, h

1+ nð Þ 1� 2nð ÞE ðA45Þ

c13=
a1 1� nð Þ h2

jy, j

1+ nð Þ 1� 2nð ÞE ðA46Þ

c14=
a2n h2

hy, h

1+ nð Þ 1� 2nð ÞE ðA47Þ

c21=
a2n h2

jx, h

1+ nð Þ 1� 2nð ÞE ðA48Þ

c22=
a1(1� n )h2

hx, h

1+ nð Þ 1� 2nð ÞE ðA49Þ

c23=
a1 1� nð Þ h2

hy, h

1+ nð Þ 1� 2nð ÞE ðA50Þ

c24=
a2n h2

jy, j

1+ nð Þ 1� 2nð ÞE ðA51Þ

c31= hjhhx, hG ðA52Þ

c32= hjhhx, jG ðA53Þ

c33= hjhhy, hG ðA54Þ

c34= hjhhy, jG ðA55Þ

where

hj =
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x, jð Þ2 + y, jð Þ2
q ðA56Þ
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hh =
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x, h

� �2
+ y, h

� �2q ðA57Þ

For plane strain, a1 = a2 = a3 = 1, and for plane stress,

a1 =(1� 2n)= 1� nð Þ2, a2 =(1� 2n)= 1� nð Þ and

a3 = 0.

The coefficients in Equations (13) and (14) for applica-

tion of the displacement boundary conditions are given by:

c41= hjx, j ðA58Þ
c42 = hhx, h ðA59Þ
c51= hjy, j ðA60Þ
c52 = hhy, h ðA61Þ

Appendix B

Central finite difference formulas

Interior points:

U , x

U , y

U , xx

U , yy

U , xy

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

=

U i+ 1, jð Þ�U i�1, jð Þ
2h

U i, j+ 1ð Þ�U i, j�1ð Þ
2k

U i�1, jð Þ�2U i, jð Þ+U i+ 1, jð Þ
h2

U i, j+ 1ð Þ�2U i, jð Þ+U i, j�1ð Þ
k2

U i+ 1, j+ 1ð Þ+U i�1, j�1ð Þ�U i+ 1, j�1ð Þ�U i�1, j+ 1ð Þ
4hk

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

ðB1Þ

Boundary points: nj = 61

U , j

U , h

8<
:

9=
; =

nj
U i, jð Þ�U i�nj , jð Þ

h

1
2

U i, j+ 1ð Þ�U i, j�1ð Þ
2k

+
U i�nj , j+ 1ð Þ�U i�nj , j�1ð Þ

2k

h i
8><
>:

9>=
>;

ðB2Þ

Boundary points: nh = 61

U , j

U , h

8<
:

9=
; =

1
2

U i+ 1, jð Þ�U i�1, jð Þ
2h

+
U i+ 1, j�nhð Þ�U i�1, j�nhð Þ

2h


 �

nh
U i, jð Þ�U i, j�nhð Þ

k

8><
>:

9>=
>;

ðB3Þ
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